Let X and Y be complete separable metric spaces (Polish spaces). If E is a subset of X X Y, and x e X, then by the a>section of E, E x , is meant E Π ({x} X Y). By P S {E) is P S {E) = {x: E x is scattered} . In this paper the following uniform boundedness principle for the Cantor-Bendixson order of analytic sets will be demonstrated.
Let us recall that if A is a subset of X, then the CantorBendixson derivatives of A may be defined by transfinite induction as follows:
= Γ\β<a {%-x is an acculumation point of A {β) and x e A}. Recall that a subset, H, of a Polish space is scattered if, and only if H is a countable G δ set, or equivalently, there is a countable ordinal 7 such that the 7th Cantor-Bendixson derived set, H ir \ of H is empty [5] . By the Cantor-Bendixson order of a subset H of a topological space is meant the first ordinal 7 such that H {γ) = H {γ+1) . The Cantor-Bendixson order of every subset of a Polish space is necessarily less than ω x [5] .
If Ec X x Yand Id, then E will be bounded on M provided there is an ordinal 7, 7 < ω lf such that for each x in Λf, the CantorBendixson order of E x is <^7; otherwise i? will be said to be unbounded on ikf.
Let us note that in order to prove Theorem L it suffices to show that if E is an analytic subset of X x Y such that each ce-section of E is scattered then E is bounded on the X projection of E, π x 
(E).
Theorem L has the following corollary: COROLLARY [6] . A proof of Corollary 2 is given in the first section of this paper which involves techniques which differ from those used in [3] , [6] and in the following parts of this paper.
The techniques of proof used in the second and third sections of this paper follow those used by Lusin in his deep book [7] . In fact, on page 186 of [7] , Lusin states Theorem L for the space R n x R. However, Lusin does not give a proof.
In the second section a proof of another theorem of Lusin's is given [7, p. The proof given here is in a slightly more general setting than Lusin's and the binary sieve of Lebesgue is used here instead of "the elementary sieve" as used by Lusin.
Theorem C is the major key to the proof given here of Theorem L.
Some definitions and notations are now given. Let E be a subset of X x Y and M a subset of X. If a is an ordinal, then A family Sίf of subsets of X x Y is said to be simultaneously unbounded with respect to E on M provided that for each 7 < ω lf there is some x eM such that Φ 0 , for all Hc.<%?.
If 0 < ε x < ε 2 and Γ dX x Y, then the ε Γ band of Γ with respect to E is: B $1 (Γ; E) = {(&, z) 6 Γ: 3(a, y) e E with the distance from y to z less than εj; the (ε 19 ε 2 )-ring of Γ with respect to E is; Rll(Γ, E){(x, z) e Γ: 30, y)eE such that the distance from y to z is between e x and εj.
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Before proceeding to the arguments, the author would like to pose two of the problems which have occurred to him while working on this paper;
Is there an analytic subset of I x I which is universal for the family of all analytic subsets of I of Lebesgue measure zero? of the first category? 1* Applications of the Arsenirt-Kunugui theorem* In this section, the Arsenin-Kunugui theorem is applied to treat some problems discussed earlier. (B) has the stated properties. Now, suppose a is a countable limit ordinal. Let {a n }n =1 be an increasing sequence of ordinals coverging to a. (B) x is open with respect to T and (D { Y \B)) X is the intersection of a closed set with the K a set T. Thus, (DPKB)). is a K σ set. THEOREM 
Let E be α subset of X x Y which is universal for the family of countable, dosed subsets of Y. If Y is uncountable, then E is not analytic.
Proof Let us suppose that E is analytic and Y is uncountable. Let P be a compact perfect subset of Y. Let A = (X x P) Π E. Then A is an analytic subset of X x P which is universal for the countable closed subsets of P.
Let F be a closed subset of (X x P) x / such that for each pair
Let φ be the map of X into, 2
Px/ , the space of closed subsets of P x I defined by φ(x) = F x , where F x is regarded as a closed subset of X x (P x J). 2 PxjΓ is considered to have the topology generated by the Hausdorίf metric. Now, it follows from the Arsenin-Kunugui theorem that φ is a Borel mapping of
pχ/ x 2 PX/ :.D = TΓpCF), and FaB and if F is open in P and F(Ί (V x I) Φ 0, then 3#εF such that 1^ is uncountable}.
For the moment, let us assume that M is analytic. This implies that 7Γi(Af) = {D 6 2 P : D is countable}, is an analytic subset of 2 P . But, this set is known not to be analytic in 2 P , [5, p. 72]. Thus, the proof will be complete, once M is shown to be analytic. In order to see this it suffices to show that the set L of the next lemma is analytic. LEMMA 
Let L = {Fe2 pxl : if V is an open subset of P and VΠ Kι(F) Φ 0, then there is some xeV such that F x is uncountable). Then L is an analytic subset of 2 pxΓ .
Proof. Let {FJ^U be a countable base for the topology of P. 
and T = π,(M Π (I x G)).
Construction. Let E be an analytic nonborel subset of I and let A = {(x, y): x = y or (xeE and y = 0)}. Then A is an analytic subset of I x I.
Suppose J = {A x : xel} is analytic in 2 1 . Let S -{{x}: xeI}. Then S is a closed subset of 2 7 and W = S Π / is an analytic subset of 2 J . Therefore, Γ= {*: £eif, for some He TF} is an analytic subset of J. But, T = I -E. This is a contradiction.
2. Theorem C* In this section Theorem C is proven. The proof follows to a great extent the outline given by Lusin in [7, p. 247 ].
Let A be ah analytic subset of X x Y such that each X-section of A is countable. The proof is by contradiction. Thus, if B is a Borel set containing A, then some X-section of B is uncountable.
First, let us realize A as the projection of a G δ set. Let {Ϊ7J£U be a decreasing sequence of open subsets of (X x Y) x 7, where I is the unit interval such that Let us suppose that for each n, there are a Borel set B n containing π χγ (T n Π G) and a countable subset C n of X such that if x$C n , then B nx is countable.
Let
Clearly, 5 is a Borel set containing A and every X-section of B is countable. This contradiction establishes Lemma 2.1.
Let L be a sieve which sifts π ΣY (R n G)(j? ΓΊ (?) [5, 7] . Thus, I# is a map from the rationale into Moreover, the constituents are related as follows: Proof. For each a < ω u let x(a) be a point of X such that Let n(a) and p(a) be positive integers such that F n{a) Π J^*) = 0 and both jP Λ(α) and F p{a) meet TF α in an uncountable set. There exist n and p such that w = n{a) and p = p(a) for uncountably many ^Js. Clearly, these integers have the required properties.
Let Suppose that for each n, there exist disjoint Borel sets M n and N n containing π xy (S n Π G) and D 2 respectively such that C n -{x: M nx and N nx are uncountable} is countable.
Let B x = (J?=i Af» and J5 2 = Π?=i ^ Then JB X and B 2 are disjoint Borel sets containing D x and Z) 2 respectively.
Let x be such that B ίx and ^^ are uncountable and yet x ί Π^=i C» Then each M %x is countable. This contradiction establishes Lemma 2.5. It can be checked that for each infinite sequence e = {e k }% =1 from 2 (0 the sequence {P(β | M)}SU converges to some point P(β) = (α(β), ^/(e), t(β)) of G. It follows from Theorem 2.6, that if β Φ e' then ί/(β) ^ y(e f ). It is now shown that if e Φ e' 9 then x{e) = ^(e') It follows from the properties listed in Theorem 2.6 that for each n, there is some x n of X and points y n and #i of F such that (Xn,y n )επχv (Re\n) and (a? Λ , y«) e π xy {R e>ι J.
Therefore x n -> α?(β) and α? Λ -> a?(β'). Thus, a (β) = cc(e' ) This last result implies that A xU) is uncountable. This contradiction establishes Theorem C.
3* A Proof of Theorem L* In this section, Theorem L, as stated in the introduction, is proven. As was noted in the introduction, it suffices to consider the following situation: E is an analytic subset of X x Y such that each section of E is scattered and for every a, a<ω 19 
The aim of this section is to prove Theorem L by showing that these assumptions concerning E lead to some X-section of E con-taining a dense-in-itself set. From this contradiction, it follows that Theorem L holds.
To begin with, we have from Theorem C that E = (J»=i Γ % , where for each n, Γ n is an analytic set which is uniform with respect to X. (Recall that Γ n is uniform means each (Γ n ) x has cardinality less than 2.)
All rings and bands considered in this section are with respect to E.
Let n be such that Γ = Γ n has the property that for every countable ordinal a, Γ Π Dψ\E) Φ 0. The existence of such a Γ n follows from a simple cardinality argument. According to Theorem C, where each T n is an analytic set which is uniform with respect to X. But, by the hypothesis of Theorem L, E x is scattered. This contradiction implies that the conclusion of Theorem L holds.
